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"
+ Introduction = Mathematics | = Mathematics B + Mathematics | « Mathematics JEEREE TS
+ Mathematics
» Mathematics practice practice practice practice
problems problems problems problems
4 August 2025 5 August 2025 I| 6 August 2025 7 August 2025 8 August 2025 I 9 August 2025 10 August 2025
. B . " Circuilt analysis
Electrical materdol terial +« Electrical
materials o5 o8 Circuit analysis + Circuit analysis + Circalt analysis materials
properties p'm"'mﬂu "'F"“'“H Practice problems Practice problems properties
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11 August 2025

12 August 2025
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« Linear systems

* Linear systems * Linear systems
Practice Practice
problems problems
A
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Exam Structure and format

@ Computer-Based Testing (CBT)

The FE Electrical Exam is administered year-round
at testing centers worldwide.
You'll use a computer with specialized software to

answer multiple-choice questions.

Eng/Abdullah Ibrahim

@ Exam Format

The exam consists of 110 multiple-choice
questions.

You have 5 hours and 25 minutes to complete the
exam, including a non-disclosure agreement, a

tutorial, and a break.

— | Reference Handbook

NCEES HANDBOOK ED 10.5
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Exam Structure and format

Properties of Electrical Materials 4-6

NCEES

@iﬁ advancing licensure for
engineers and surveyors
Fundamentals of Engineering (FE)

ELECTRICAL AND COMPUTER CBT Exam Specifications
Effective Beginning with the July 2020 Examinations

The FE exam is a computer-based test (CBT). It is closed book with an electronic reference.

Examinees have 6 hours to complete the exam, which contains 110 questions. The 6-hour time also includes a
tutorial and an optional scheduled break.

The FE exam uses both the International System of Units (SI) and the U.S. Customary System (USCS).

Knowledge Number of Questions

1.

Mathematics 11-17
Algebra and trigonometry
Complex numbers
Discrete mathematics
Analytic geometry
Calculus (e.g., differential, integral, single-variable, multivariable)
Ordinary differential equations
Linear algebra
Vector analysis
Probablllty and Statistics 4-6
A. Measures of central tendencies and dispersions (e.g., mean, mode,
standard deviation)
B. Probability distributions (e.g., discrete, continuous, normal, binomial,
conditional probability)
C. Expected value (weighted average)

ZOmmOUOw>

Ethics and Professional Practice 4-6
A. Codes of ethics (e.g., professional and technical societies, NCEES Model Law
and Model Rules)
B. Intellectual property (e.g., copyright, trade secrets, patents, trademarks)
C. Safety (e.g., grounding, material safety data, PPE, radiation protection)

Engineering Economics 5-8
A. Time value of money (e.g., present value, future value, annuities)

B. Cost estimation

C. Risk identification

D. Analysis (e.g., cost-benefit, trade-off, breakeven

Eng/Abdullah Ibrahim

A,

B.

C.

Semiconductor materials (e.g., tunneling, diffusion/drift current, energy
bands, doping bands, p-n theory)

Electrical (e.g., conductivity, resistivity, permittivity, magnetic permeability,
noise)

Thermal (e.g., conductivity, expansion)

Circuit Analysis (DC and AC Steady State) 11-17

QPmoaows

KCL, KVL

Series/parallel equivalent circuits

Thevenin and Norton theorems

Node and loop analysis

Waveform analysis (e.g., RMS, average, frequency, phase, wavelength)
Phasors

Impedance

Linear Systems 5-8

A.
B.
C.
D.

Frequency/transient response
Resonance

Laplace transforms

Transfer functions

Signal Processing 5-8

A.
B.
C.

Sampling (e.g., aliasing, Nyquist theorem)
Analog filters
Digital filters (e.g., difference equations, Z-transforms)

Electronics 7-11

A.

Mo N

eng.abdullah.i.2000@gm |lcom

Models, biasing, and performance of discrete devices (e.g., diodes,
transistors, thyristors)

Amplifiers (e.g., single-stage/common emitter, differential, biasing)
Operational amplifiers (e.g., ideal, nonideal)

Instrumentation (e.g., measurements, data acquisition, transducers)
Power electronics (e.g., rectifiers, inverters, converters)

WhatsApp/Abdullah Ibrahim
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Exam Structure and format

Power Systems
A. Power theory (e.g., power factor, single and three phase, voltage regulation)
B. Transmission and distribution (e.g., real and reactive losses, efficiency,
voltage drop, delta and wye connections)
C. Transformers (e.g., single-phase and three-phase connections,
reflected impedance)
D. Motors and generators (e.g., synchronous, induction, dc)

Electromagnetics

A. Electrostatics/magnetostatics (e.g., spatial relationships, vector analysis)
B. Electrodynamics (e.g., Maxwell equations, wave propagation)

C. Transmission lines (high frequency)

Control Systems

A. Block diagrams (e.g. feedforward, feedback)

B. Bode plots

C. Closed-loop response, open-loop response, and stability

D. Controller performance (e.g., steady-state errors, settling time, overshoot)

Communications

A. Basic modulation/demodulation concepts (e.g., AM, FM, PCM)

B. Fourier transforms/Fourier series

C. Multiplexing (e.g., time division, frequency division, code division)
D. Digital communications

Computer Networks

Routing and switching

Network topologies (e.g., mesh, ring, star)

Network types (e.g., LAN, WAN, internet)

Network models (e.g., OSI, TCP/IP)

Network intrusion detection and prevention (e.g., firewalls, endpoint
detection, network detection)

Security (e.g., port scanning, network vulnerability testing, web
vulnerability testing, penetration testing, security triad)

Eng/Abdullah Ibrahim
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m

8-12

4-6

6-9

5-8

4-6

16.

17.

Digital Systems 8-12
Number systems

Boolean logic

Logic gates and circuits

Logic minimization (e.g., SOP, POS, Karnaugh maps)

Flip-flops and counters

Programmable logic devices and gate arrays

State machine design

Timing (e.g., diagrams, asynchronous inputs, race conditions and

other hazards)

TommOOR >

Computer Systems 5-8
A. Microprocessors

B. Memory technology and systems

C. Interfacing

Software Engineering 4-6
A. Algorithms (e.g., sorting, searching, complexity, big-O)
B. Data structures (e.g., lists, trees, vectors, structures, arrays)
C. Software implementation (e.g., iteration, conditionals, recursion, control
flow, scripting, testing)
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Key Subject Areas and Calculators
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Key Subject Areas and Calculators

o Properties of electrical materials

o Engineering economics
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ELECTRICAL
AND compunsn

FE Reference Handbook 10.5

Test - Candidate Name

The rectangular homogencous gate shown below is 3.00 m high x 1.00 m wide and has a friction-less hinge at the
bottom. If the fluid on the left side of the gate has a density of 1.600 kg/m’, the magnitude of the force F (kN)
required to keep the gate closed is most nearly:

FE REFERENCE HANDBOOK

UNITS
D Conversion F| The FE exam and this handbook usc both the metric system of units and the Customar
i of units, both force and mass arc called pounds. Thercfore, one must distinguish the pound-

mmm Michael R: Lindeburg, PE

= Vlichael R. Lindeburg, PE

tem (USCS). In the USCS system
ce (Ibf) from the pound-mass (Ibm).
D safety The pound-force is that forcs which acceierates e pound-mass ot 32,174 fUsec”. Thas, | IbF = 32174 IomeUse”. The expression
) Mathematics 32,174 Ibm-fU(Ibf-sec’) gnated as g_and is used involving both mass and force expressed as pounds. For
0 Engineering instance, in writing r\mnm scond law, the equation would be written as F - may,. where Fis in Ibf,
Similar expressions exist for other quantitics. Kinctic F .. with KE in (R-1bf); Potential Energy, PE = mgh'g_, with
D Chemistry
D“'l ials Sci PE in (R-1bi); Fluid Pressure, p = pgh/g.. with p in (IbD1F); Specific Weight, S = pgig,, in (IbI7'); Shear Stress, © = (/g Ny,
aterials o with shear stress in (D). In all these examples. g, should be regarded as & unit conversion factor. It is frequently not written
explicitly in engincering equations. However, its use is required to produce a consistent set of units.

in Ibm, and a is in Msec.

D) statics

D Dynamics Note that the conversion factor g_[Ibm-fU(Ibf-sec’)] should not be confused with the local sceeleration of gravity g, which has
D Mechanics of different units (m's® or fsec?) and may be cither its standard value (9.807 m/s® or 32.174 fiisec?) or some other local value.

(3 Thermodyna
D Fluid Mechar,

Study Guide for Fundamentals
of Engineering (FE) Electrical

If the problem is presented in USCS units, it may be necessary to use the constant g, in the equation to have a consistent set of units.

& Computer CBT Es D Heat Transfe Mm'ﬁ:::"xm — COMMONLY USED EQUIVALENTS
D Engineering atto a
~ Chemical En femto I 1 gallon of water weighs 8331
]g( l 1tion g Civil EngmeeI .’:,:. : 1 cubic rm: u""\q:mv m«igmu @4 ‘h:r OA. o0
1 cubic inch of mercury weighs 0.491 1
D rnvlr{)nm.em micro " The mass of | cubic meter of wateris 1,000 Kilogrms| OB. 22
I B::'J]ﬁ;:‘aalld; milli m | moLis 834 IbiMgal
Nas ARSIy centi o ’
Wasim Asghar | D Mechanical £ e a oc. 2
PE, P.Eng, M. Eng ::': ‘:’ TEMPERATURE CONVERSIONS op. 22
kilo k
mega A F=18(C)+32
. sed G C=(F-3218
electrical : ton ' iahisho
pets P K ='C+273.18
| o E
and computer ‘ =

IDEAL GAS CONSTANTS

practice exam

The universal gas constant, designated as R in the table below, relates pressure, volume, tem and number of moles of
an ideal gas. When that universal constant, &, is divided by the molecular weight of the gas, the result, often designated as R,
has units of enenzy per dogree per unit mass [kJ/(kg-K) or ft-Ibfl(1bm-*R)] and bcomes chamcteristic of the particular gas. Some
0 oe 10123 | disciplines, notably ehemical enginecring, often use the symbol K to refer to the universal gas constant B

835824.001
(T I|II I ==

Sim AT Cr WPTOIS 4 MW
108 [od] Becy 200

ora PeRTECT
o oot

Fran

FUNDAMENTAL CONSTANTS

gas constant metric
gas constant metric
gas constant uscs S i Ibl‘(lb molc- R)
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078-1-047801.00-4 00
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Properties of electrical materials

Key Topics

1.  Mathematics 11-17
Algebra and trigonometry

Complex numbers

Discrete mathematics

Analytic geometry

Calculus (e.g., differential, integral, single-variable, multivariable)

Ordinary differential equations

Linear algebra

Vector analysis

TOmmInw»>
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1.1

Complex numbers
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Complex numbers

A complex number z can be written in rectangular We notice that z can be represented in three ways:
form as
Z=X+jy Z=x+jy Rectangular form
=T z=r/¢ Polar form
— pl® '
x is the real part of z {=Te Exponential form

y is the imaginary part of z.
-1Y

o r=y\Vx +y, ¢ =tan =
The complex number z can also be written in X

polar or exponential form as
z=r/¢ =re!?

where ris the magnitude of z.
and ¢ is the phase of z.

X =1 COS ¢, y=rsing
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Complex numbers

the following operations are important. 1 _ Problem 4. GivenZ;=2+j4and Z,=3—j
Addition: — =" determine (a) Zi +Za, (b) Z1 — Za, (¢) Z» — Z; and
J show the results on an Argand diagram

21+ 2= (x; +x3) + j(y; +y2) . .
(@) Z1+Z=2+j4)+3—))

Subtraction: - .
Problem 13. Evaluate in pOlaI form: =(2+ 3) +j(4_ 1) -5 +j3
21— =0 —x) +jyy — ¥2) - 16./75°
a 5 /150 . -
Multiplication: 2715 (b)Zi—Z=2+4) -3 —)) _
=2-3)+j4—-(-D)=—14j5
ZiZa = /¢ + ¢ : .
o 15 16 (©)Zo—Zi=3—))—2+j4)
Division: @) Sy =5 4757 15°) =860° =3=-2)+j(-1—-4)=1—j5
E—l = 9 h1 — P V-3 Q"T"\'\' Problem 12. Determine, in polar form:
2 N o (a) 8/25°x4/60°
o .
Reciprocal: 2 3Cos(~W+ E2) 4T 3 “‘(’*':#3\' (b) 3/16° x5/—44° x 2/80°
é = % —¢ - —3 ¥ Yo = [=3] (a) 8/25° x4/60°=(8x 4)£(25°+60°)=32/85°
w3 e Y1 # (b) 3£16°x5/-44° x2/80°

Square Root: =(3 x5 x2)/[16° +(—44°) +80°] =30./52°

ﬁ:ﬁ@ﬁz Y4
| | [9/2 N N ;L‘_f:'\
Complex Conjugate: 3 _ % }_‘_;__3__ ;)
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O Quantities such as time, temperature and mass O Components of a Vector
are entirely defined by a numerical value and

its components.
O The time taken to fill a water tank may be

measured as, say, 50 s. A = azit ayj+ ak
O Similarly, the temperature in a room may be
measured as, say, 16°C magnitude (length) can be calculated as  |A| = L = /a? + o’ + o
Example

Find the unit vector (i.e., the direction vector) asso-
ciated with the origin-based vector 18i + 3j + 29k.

Figure 3.1 Components of a Vector

Q Quant|t|e§ such as velocity, fo‘rce and (A) 0.5251 4+ 0.088] -+ 0.846k v i

acceleration, which have both a magnitude and (B) 0.892i + 0.178] + 0.416k

. . 3 3 k i X
a direction, are called vectors. (C) 1.342i + 0.868] + 2.437k , y
(D) 6i+j+2k
. , * s
L For example, the velocity of a car may be 90 Solugon A
The unit vector of a particular vector is the vector itself 3 P B

km/h due West. divided by its length. 6 ’
Q aforce of 20 N may act vertically downwards. it vectop = 181+ 31 +20K / s
L or an acceleration of 10 m/s2 may act at 50° to \/(18)2 +(3) + (29)°

the horizontal. = 0.525i + 0.088] + 0.846k

The answer is (A).
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O Vector Addition and Subtraction

A+B=(a,+b)i+ (ay+ by)j +(a,+ b))k
A-B=(a—b)i+ (ay— by)j +(a,—b)k

Example

What is the sum of the two vectors 5i + 3j — Tk and

10i — 12j + 5k?
(A) 8i—Tj~

(B) 10i - 9J + 3k

(C) 15i —9j — 2k

(D) 151+ T7j — 3k

Solution

Use Eq. 3.2.

A +B=(a; + b)i+ (a, + by)j +(a,+b)k
=(5+10)i+ (3+(-12)j+ ((-7) +5)k
= 15i - 9j — 2k

The answer Is (C).

Eng/Abdullah Ibrahim

O Vector Dot Product

A 'B = a:bz + ayb, + azbg
— |A||Blcosf = B A

A-B
0 = arccos <-———>
|A||B]

i (a,b, + ayb, + a,b,)
|A[|B|

Example

What is the dot product, A B, of the vectors A =
2i+ 4j+ 8k and B = —2i + j — 4k?

(A) —4i+4j-32k
(B) —4i—4j-32k
(C) —40
(D) -

Solution
Use Eq. 34.
A - B = a;b; + ayb, + a;b,
= (2)(=2) + (4)(1) + (8)(—4)
= =32
The answer is (D).

.abdullah.i.2000

AXxXB=

O Vector Cross Product

Ftindlk
Qg Gy Qg

by b, b
A x B = |A||B|n sinf

==-Bx A

Example
What is the cross product, A x B, of vectors A and B?

A =i+4j+ 6k

B = 2i + 3j+ 5k
A)i-j-k
B) —i+j+k
C) 2i+7j—5k
D) 2i+T7j+ 5k

A~ S e~ o~

Solution

Use Eq. 3.6. The cross product of two vectors is the
determinant of a third-order matrix as shown.
az Gy 0

i j k ij ok
=[146}
b K E 2 35

=1i[(4)(5) - (6)(3)] - J[(1)(5) — (6)(2)]
+k[(1)(3) — (4)(2)]
=2i+4T7j - 5k

AxB=

The answer is (C).
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O Vector Dot Product identities O Vector Cross Product identities
A-B=B-A AxB=-BxA
A (B+C)=A-B+A-C
A= (AP Ax(B+C)=(AxB)+(AxC)
=) =kik=1 (B+C)xA=(BxA)+(CxA)
ij=j-k=ki=0 ixi=ixiskxk=0
Example ixj=k=-jxi
What is the dot product A - B of unit vectors A = 3i
= 2i7
ke kxi=j=—ixk
(A) -6
(B) -
(C) 5
(D) 6
Solution
Use Eq. 3.11.

The answer is (D).
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Thank you

Eng/Abdullah Ibrahim eng.abdullah.i.2000 il WhatsApp/Abdullah Ibrahim


https://wa.me/qr/5V6O4QNFF5LPD1
mailto:eng.abdullah.i.2000@gmail.com

Eng/Abdullah Ibrahim eng.abdullah.i.2000 il WhatsApp/Abdullah Ibrahim


https://wa.me/qr/5V6O4QNFF5LPD1
mailto:eng.abdullah.i.2000@gmail.com

% LOGARITHMS:

logy(z) =c [b°=1]
Inz [base = ¢]
logz [base=10]

Example
What is the value of log;y 10007

Solution

logyp 1000 is the power of 10 that produces 1000. Use
Eq. 2.1.
logy(a) = ¢ [b°=a]

log,y 1000 = ¢
10° = 1000
c=3
The answer is (B).

Eng/Abdullah Ibrahim

% Logarithmic Identities

log, b™ = n
log 2° = clog z
z¢ = antilog(clog z)
ogzy = logz + log y
log,, b=1
logl =0
logz/y = logz —logy
Example
Which of the following is equal to (0.001)%/3?
(A) antilog(3log0.001)
(B) Zantilog(log0.001)

(C) antilog (log 0'201)
3

(D) antilog(3log0.001)

Solution
Use Eq. 2.5 and Eq. 2.6.

logz® = clogez
log (0.001)** = 210g0.001
(0.001)** = antilog (2 log0.001)

The answer is (D).
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% Changing the Base
logb z = (loga z)/(loga b)

Example

Given that logyo5 = 0.6990 and log;p 9 = 0.9542, what
is the value of logs 97

(A) 0.2550
(B) 0.7330
(C) 1.127
(D) 1.365

Solution
Use Eq. 2.11.

log, z = (log, «)/(log, b)

logyp9  0.9542
| = =
%859 = {3g .5~ 0.6990

= 1.365

The answer is (D).
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+* POLYNOMIAL FUNCTIONS:
Quadratic Equations

ar’ + bz +c=0
oty —b+ VB —4dac
2a

&

Example
What are the roots of the quadratic equation -7z +
2% = -10?
(A) =5 and 2
(B) <2 and 0.4
(C) 0.4 and 2
(D) 2and 5
Solution
Rearrange the equation into the form of Eq. 2.24.

2?4+ (=Tz)+10=0

Use the quadratic formula, Eq. 2.25, with a = 1, b = -7,
and ¢ = 10.

_=bxvV b —dac

G 2a

(=7 £/(=7)* - ()(1)(10)
e @M

=2and 5

The answer is (D).
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1.4

Linear Algebra
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Linear Algebra

% MATRICES

Addition of Matrices: Addition and subtraction of two
matrices are possible only if both matrices have the
same number of rows and columns.

o e
[D B F]+[J K L]
A+G B+H O+l
=[D+J E+K F+L]

Problem 1. Add the matrices
2 -1 -3 0
@ (—7 4) a“d( 7 —4)

(a) Adding the corresponding elements gives:

2 -1 -3 0
(502
_( 2+(3) —-1+0
S \=T7+7 44 (—4)

()

Eng/Abdullah Ibrahim

Multiplication of Matrices

when multiplying a matrix of dimensions (m by n), by a matrix of
dimensions (n by r), the resulting matrix has dimensions (m by
r). Thus a 2 by 3 matrix multiplied by a 3 by 1 matrix gives a
matrix of dimensions 2 by 1.

Example ANB i
What is the matrix product AB of matrices A and B? ©C=(C D '[J K]

E F
2 1 4 3 (AH+BJ) (AI+BK)
A = [1 ()] B = [2 l] = [(C-H+D.J) (C-I+D-K)]
(EH+FJ) (BI+FK)

(11 4
| 5 2

8 3
]

D) (10 7]
| 4 3

AF104
<>_73]

(B)

Solution

Use Eq. 6.2. Multiply the elements of each row in matrix
A by the elements of the corresponding column in
matrix B.

A B
( ][H 1]
C=|C D|-
J K
LE F
(A-H+B-J) (Al+BK)
= | (CCH+D-J) (CI+DK)
L (E-H +F-J) (BEI+ F-K)
[2x4+1x2 2x3+1x1
C[1x4+0x2 1x3+0x1

-]

Transposes of Matrices

ABC g
A= A:
D E F

aQ W >
= m g

Example
What is the transpose of matrix A?

[5 8 5 s]
A=
8 7 6 2

7 6 2
(A)L 8 5 8]
[2 6 7 8]
(B)‘s 5 8 5
8 57
7 8
(C) 4 %
2 8]
5 8
3 -3
(D) 5
(8 2]
Solution

The transpose of a matrix is constructed by taking the
ith row and making it the ith column.

The answer is (D).
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Linear Algebra

% MATRICES

Determinants of 2 x 2 Matrices

ay a2
|A| = = aby — aphy
b by
e [f A has a row or column of zeros, the determinant
is zero.

e [f A has two identical rows or columns, the determi-
nant is zero.

Example
What is the determinant of matrix A7

| ol
A=

2 4
(A) O

(B) 15

(C) 14

(D) 26

Solution
From Eq. 6.4, for a square 2 < 2 matrix,

ay az
= a1 by — azxb,
by ba
3 6
=3x4—6x2
2 4

= 0

The answer is (A).

Eng/Abdullah Ibrahim

Determinants of 3 x 3 Matrices

a G a
A=|b b b
¢ € ¢

[A] = aybacs + agbyey + aghyes — agbacy
— azbyey — aybyey

Example

For the following set of equations, what is the determi-
nant of the coefficient matrix?

10z 4+ 3y + 102 =5
8z —2y+9z=25
Bz+y—10z=25

(A) 598
(B) 620
(C) 714
(D) 806

Solution

Calculate the determinant of the coefficient matrix.

a a2 ag
by by by
cy Ca C3
= aybacg + azbscr + agbicy — agbacy
— azbycy — arbze;
= (10)(—2)(—10) + (3)(9)(8) + (10)(8)(1)
- (8)(—2)(10) — (1)(9)(10)
— (—10)(8)(3)
= 806

|A]=

Inverse of Matrices

Problem 19. Find the inverse of

1 5 =2

3 -1 4

-3 6 -7
Inverse = Loi.nt
determinant

—17 9 15
The matrix of cofactors is 23 —13 =21
18 —10 -—16

The transpose of the matrix of cofactors (i.e. the adjoint)

—17 23 18
is 9 —13 -10
15 —-21 -16

1 5 =2
The determinant of 3 —1 4

-3 6 -7
=1(7=24)—5(=21412)—2(18 —3)

=—17445-30=-2

1 5 -2
Hence the inverse of 3 -1 4
-3 6 -7

17 23 18
9 —13 —10
15 —21 —16

)

85 —-115 -9
=1|—45 6.5 5
7.5 10.5 8
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Linear Algebra

SOLVING SIMULTANEOUS LINEAR EQUATIONS

The determinants of the substitutional matrices are The values of z, y, and z that will satisfy the linear
Example equations are
Using Cramer’s rule, what values of z, y, and z will 1 3 -4 946
satisfy the following system of simultaneous equations? A= 4 =1 =2[=246 I = T 3
-7 -7 -6
27+ 3y —4z=1 gy =§§=
Y= = et Agl=| 8 4 -2|=82
4z - Ty —6z= -7 4 -7 —6 =l_862ﬁ=2
(A) z=1, y=—4, z=-1 2 3 1
(B) z=1, y=3, z2=1 |Agl=| 3 -1 4| =164 The answer is (D).
(C) z=3, y=-2, 2=4 4 -7 =7
(D) z=38, y=1, 2=2

Solution

The determinant of the coefficient matrix is

2 3 -4
Al=[3 -1 -2|=82
& =¥ =8
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DERIVATIVES

In most cases, it is possible to transform a continuous
function, I(x1,x2., X3," .), of One or more independent variables
into a derivative function. In simple two-dimensional cases,
the derivative can be interpreted as the slope (tangent or
rate of change) of the curve described by the original
function.

First Derivative

y = the slope of the curve f(z)

y = f(z)
D,y = dy/dz =y

Variations

Eng/Abdullah Ibrahim

.abdullah.i.2000

Example
What is the slope of the curve y=102" — 3z — 1 when it
crosses the positive part of the z-axis?

(A) 3/20

(B) 1/5

(C) 1/3

(D) 7

Solution

The curve crosses the r-axis when y=0. At this point,
102 = 3z—-1=0

Use the quadratic equation or complete the square to
determine the two values of z where the curve crosses
the z-axis.
? - 0.3z=0.1
(z - 0.15)* = 0.1 + (0.15)*
z= +0.35+40.15
= -0.2, 0.5

Since z must be positive, z = 0.5. The slope of the func-
tion is the first derivative.

Y _ 20 -
dx—201: 3
= (20)(0.5) - 3
=7
The answer is (D).

i =0

=1

el = ¢ dnfdr

i+ v —widr = g + diflr — dwide
il = w ahild + v ddde

ainw iy = i dwilil + e dhvile + 1w dndede

7 b}
C T

U I A

v alivfedy = m dvlde
YoBlle — p

8 ()= e did
9. dlf ()] = {af (u)]fein} duer
10, et = 1Aeddhi)

n —““‘E’"L{mc}';%

13 iﬁ‘,’}}ﬂju o™

14, ai{gyidy = e* diniic

15, a{u i =i dliwfelr + (I ad) 1 v
14, ei{sin uipidr = cos n gy

17. acos )il = —sin w diiir

18, ai{tan w)f = sec® u dudix

19. d{cot uEy =—csc® n dudde

20, dsec wvidy = sec u tan i g

21, acsc iy =—osc w oot i dleli

a —| :| i
r.l{SIrl w 1 i L =1 '
n === v."_?it l=m2 =ein w=ni)
dleos™u) 1 du .
23, - - I—|.'“'I’ l<cos'w=x)
dlane) 1 -
4 SR (~an << )
d{cnt"u}__ 1 o -
s depul. Ldt (o<ortu<n)
-1 ;
24 dflsce " u) - I % [|]{5l:c-|1|'{ will-g<see s =n2)
it =1
-1 A
i —"{cfh_ r":I=— Iz_|§_ii lo<ese ' n=a2ll-n<ese™ u=-n2l
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% CRITICAL POINTS

Derivatives are used to locate the local critical points, that is,
extreme points (also known as maximum and minimum points) as
well as the inflection points (points of confluxes) of functions of
one variable. The plurals extrema, maxima, and minima are used
without the word "points." These points are illustrated in Fig. 7.1.
There is usually an inflection point between two adjacent local
extrema.

Figure 7.1 Critical Points

T il Test for a Maximum
local maximum f’(ﬂ) =5 0
Inflegg%r: f”(a) 2 0
et Description
minmum For a function f(z) with an extreme point at z = a, if

. . the point is a maximum, then the second derivative is
negative,

Eng/Abdullah Ibrahim

Example

What is the maximum value of the function f(z)=
-2 - 8z+ 17

(A) 1
(B) 4
(C) 8
(D) 17

Solution
Use Eq. 7.33 and Eq. 7.34.

f(z) =22 — 8z +1
f(z)=-22-8
F'(2)= -2

f'(z) = 0 when z is equal to =4, and f"(z) is less than
zero, 50 f(z) has its maximum value at z = -4,

f(z) = =2 -8z +1
= —(~4)" = (8)(=4) +1
=17
The answer is (D).
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Test for a Minimum
Description

For a function f(z) with a critical point at z = a, if the

Figure 7.1 Critical Points

global maximum
at endpoint of interval

local maximum

inflection
point

f(a)=0
f'(a)>0 point is a minimum, then the second derivative is
positive.
Example
What is the minimum value of the function f(z)=
322 + 3z~ 57
(A) —-12.0
(B) -8.0
(C) =5.75
(D) =5.00
Solution

Use Eq. 7.35 and Eq. 7.36.
flz)=382*+32-5
f(z)=6z+3
f'(z)=6

local
minimum

. global
minimum

['(z) =0 when z is equal to 0.5, and f"(z) is greater
than zero, so f(z) has its minimum value at z = —0.5.

f(z) =322+ 3z -5

= (3)(=0.5)* + (3)(-0.5) = 5

= —5.75
The answer Is (C).

g/Abdullah Ibrahim

Calculus

Test for a Point of Inflection

Description

f'(a)=0

Problem 1.5 g) Calculate the local minimum and maximum points of function given below.
f(x)=3x*+3x2-3x+3 —-2<x<1

(A) There is no minimum/maximum (B)x = é (min), x = —1(max)

(C) x =§ (max),x = —1(min) (D) x = -;- (min), no max

Problem 1.5 h) The point of inflection for function given in problem 1.5 g) exists at x =
1.5 g) CORRECT ANSWER - B

According to the problem statement:

fO)=3x343x2-3x+3 -2<x<1

To calculate the maximum and minimum of a function, first order derivative is calculated as shown below:
f(x) =92 +6x-3

The roots of f'(x) can be calculated using factorization, quadratic equation, or calculator.

x=-1

W =

9x? 4+ 6x—3=0-sx=

Now, we need to calculate second order derivative f''(x) = 18x + 6

Substituting x = —1 in second derivative equation results in negative value. Therefore, it is a local maximum.
Substituting x = 1/3 in second derivative equation results in positive value, Therefare, it is a local minimum.
1.5 h) CORRECT ANSWER: x = —1/3

In the previous problem, f'(x) = 18x + 6

Point of inflection is calculated by taking second order derivative and setting it to zero as shown below:
flix)y=18x+6=0-x=-1/3

The calculated value of x is a point of inflection because at this point second derivative is zero and second
derivative also changes sign as x increases through it (test by substituting incremental values),

WhatsApp/Abdullah Ibrahim

For a function f(z) with f/(z) = 0 at z = a, if the point
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+* PARTIAL DERIVATIVES s INTEGRALS
z=f(z,y) Integration is the inverse operation of differentiation. There
are two types of integrals: definite integrals, which are
dz  Of(z,y) restricted to a specific range of the independent variable,
dr Oz and indefinite integrals, which are unrestricted. Indefinite
integrals are sometimes referred to as antiderivatives.
Variations
Symbols for a partial derivative of f(z,y) taken with Example
respect to variable z are 3f/0z and f(z, y). What is the approximate total area bounded by y=sin z
Example over the interval 0< z <2n? (z is in radians.)
What is the partial derivative with respect to z of the (A) O
following function? (B) m/2
(C) 2
z= ™ (D) 4
(A) e® Solution
(B) Laid The integral of f(z) represents the area under the curve
A f(z) between the limits of integration. However, since
pea] the value of sin z is negative in the range n < z < 2m, the
(C) = total area would be calculated as zero if the integration
Y was carried out in one step. The integral could be cal-
(D) ye*v culated over two ranges, but it is easier to exploit the
symmetry of the sine curve.
Solution - o
Use Eq. 7.19 and Eq. 7.39. The partial derivative is A= /z. f(z)dz = /0 |sin z|dz
n
d(e*)/dz= e*du/dz =2/o- sinz dz
gz-= ————-aaew == eﬂl ——a(azy) - —2COSI|;
T T z
=(-2)(-1-1)
= ye*¥
Y =4
The answer is (D). The answer is (D).
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% LIMITS Example E
M | valuate:
b Dt hlen v gt gk Logtor Evaluate the following limit.
example, suppose the value of y=2* is desired as z
approaches 5. This could be written as limit | eS:r 3
y(5) = lilelétzz -0 dz . X5 — 2x + 9
lim 3
general case of a limit evaluated as z approaches the (A) =00 x—00 Zx - 8
target value a is written as (B) -3 / 4
limf(z) (C) 0

< L'Hépital's Rule (D) 1/4

it L8 s @) o f(2) Solution

:-o: g'(z)’ hzx_xpj g”(x)’ I—a g’”(z) G e . - 1

This limit has the indeterminate form 0/0, so use ANS: .
[’Hopital’s rule. +
Description
L’Hopital’s rule may be used only when the numerator limit L(E-)- = limit f_:ffl
and denominator of the expression are both indetermi- r~a g(z) r-a ¢(z)
nate (i.e., are both zero or are both infinite) at the limit ] — o2 _ 3
point. f*(z) and ¢*(z) are the kth derivatives of the limit = limit 1
functions f(z) and g(z), respectively. L'Hopital's rule =0 4z 40
O / —
oS o) The answer is (B).
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Trigonometry
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Triconometr

+» DEGREES AND RADIANS GENERAL TRIANGLES Example Solution
The lxlrertical Zﬂgle '&;hee(tiop Oi: g;g]ﬁ)]e fr\‘gm ;;:?t A The two observations lead to two triangles with a com-
i on the ground is observed to !, The observer
: 2 Fi‘ﬂl‘.ﬂ"ﬂ 5.7 General Tnanglfa walks lgrm directly away from the flagpole from point A mon leg, A.
multiply by to obtain to point B and finds the new angle to be 25° 43',
Cc
radians 180 degrees
T
degrees 5 radians
180
25°43' 3
RIGHT TRIANGLES BI.T—.l“ 2 8| - |A 0
m
PR o e e What is the approximate height of the flagpole? Find angle @ in triangle ADC,
W 37° 11/ + 90° + 0= 180°
Law of Sines (B) 2m f=52° 49/
hypotenuse opposite side (C) 82 m
» . W
g D T VB (D) 300 m Find angle ¢ in triangle BDC.
reference angle, § sin A sin B sinC 25° 43" + 90° + (52° 49’ + ¢) = 180°
- ¢=11°28
adjacent side . T
H Use the law of sines on triangle BAC to find side b.
_ _ , Law of Cosines .
Trigonometric Functions sin 11°28' _ sin 25° 43’
a*=b*+ ¢*—2bc cos A4 i7m ’
sinf = y/r N b=37.11m
cosf = z/r b>=a"+c"—2accos B Find the flagpole height, &, using triangle ADC.
2__ 2 2
tanf = y/z c=a +b—2abcos C sin 37" 11 =2
csell = r/y h= b sin 37° 11’
secl =r/z = (37.11 m)sin 37° 11"
cotf = z/y =2243m (22 m)

The answer is (B).
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Triconometr

TRIGONOMETRIC IDENTITIES
escl = l/sinO

sec = 1/cosd

cot @ = 1/tanf

Example
Simplify the expression cosé secf/ tanf.

Solution

Use the reciprocal functions given in Eq. 5.12 and
Eq. 5.13.

1
cosf sect _ cosﬂ( cosﬁ)
tané tané
—

tan@
= cotf

The answer is (B).

Eng/Abdullah Ibrahim

cosf = sin(f + m/2) = —sin(f — n/2)
sinf = cos(f — 1/2) = —cos(8 +1/2)
~ tan@ = sinf/cosf
sin®0 + cos®f = 1
tan’ 0+ 1 = sec’d
cot?@ + 1 = csc?
Example

Which of the followmg expressions is equivalent to the
expression cscf cos® f tan §?

(A) sind
(B) cos@
(C) 1-sin*0
(D) 1+sin®0

Solution

Simplify the expression using the trigonometric identi-
ties given in Eq. 5.11, Eq. 5.16, and Eq. 5.17.

cse fcos® O tan 0 = (Eﬁll—e)cosa g(csiTI;%)

= cos® )

=1-—sin’d

The answer is (C).

sin 2c = 2sin o cos & 5.20
cos2a = cos’ a —sin*a =1 —2sin*a = 2 cos’ a — 1
521
tan 2 = (2tana)/(1 - tan® @) 5.22
cot 2a = (cot? o — 1) /(2 cot @) 5.23

Example
What is an equivalent expression for sin 2a?

(A) =2sinacosa

(B) 4sinacosa

(© 2sina
seca
(D) 2sinacos %
Solution

Use Eq. 5.20, the double-angle formula for the sine
function.

2s8ina
sec o

sin2a = 2sinq cosa =

The answer is (C).
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Triconometr

Identities
s 8= sin (B + w/2) = —sin (B — n2)
FE HANDBOOK 10.5 / PAGE 44/45 sin B =cos (B — =/2) = —cos (8 + =2)
csc 8= Lhin @
s b= Licos 6
tan 6 = sin fcos B
cot®=1fan 6
H sind B+ costB =1
Trigonometry '+ 1 =sec’
. . . . . . cof' B+ 1=csc’d
Trigonometric functions are defined using a right triangle. (0 ) =i o5 < 05 s
sin O = y/r, cos O =x/r cos ( + B) =cos @ cos B - sina sin p
0 2o = 2 sIno Cos G
tan O =y/x, cot O = xfy s lo=coffa—sirfe=1-250" o =2 cost e —1
y tan 2o = (2 tam aM(1 — tar” o)
oot 2o = (oot a — 1A cot a)
tan {x + f) = (tam o + tan [l — tan o @n @)
oot i+ {) = (oot a oot B — 1Woot « + oot )

X sim e — By =sinee cos B — oS o s

csc O =r/y, sec B = r/x

oos{a— ) =cosacos - sina sn f

tam {ix — )= (tan @ — tan @Y1l ~ tan o tan [{)

oot i — )= (oot @ cot f = 1Woot B — cot )
b sin () =4y - cos )2

Law of Sines -4 = _2_ - _¢€ B —
simnmA smB sinC (@)= 41 5

a TIJ.{&.E}=.1.'!'I':]'0EG-E:|-"[|“'EDECI]

cot (@ =1(1 +cosa)l —cosa)
H sima s = {12 cos (o — f) — cos e+ @]
Law of Cosines e
02: szr CZ—ZbC cos A sina cos f = (L2)[sm (o + )+ sin (o — F)]
sima +sm =2 sin [{1/2}a + @)] cos [(L2)x — B
b>=a’*+ c*—2accos B sin e — sin i = 2 cos [(1/2)(a = ] sin [(1/2Na — B)]
oos d oS B=2 cos [(L2 e = F)] cos [(L2)w — [
2_ 2 2
cc=a +b"—2abcos C cos @ —cos fi=—2 sin [(I2)a ~ B] sin [(12) e — B
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1.7

Differential Equations
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Differential E

A differential equation is a mathematical expression combining a function (e.g., Y=f{x)) and
one or more of its derivatives. The order of a differential equation is the highest derivative in
it. First-order differential equations contain only first derivatives of the function, second order
differential equations contain second derivatives (and may contain first derivatives as well).

Linear Differential Equation with Constant Coefficients

d"y(z d
b d(n)+ by ”()+boy(z) = f(x)
[bay. ..y biy.v., by,and by are constants|
Example
Which of the following is NOT a linear differential
equation?
dy o dy -1
A) bt —B=% = ¢
(A) — — 85 +16y = dte
d*y dy
B 2
()542 -8t =2+ 16y =0
s &y _gdy o _dy
() oS Hlv=g
dy dy
D P =
(D) 5((“) -8 +16y=0
Solution

A linear differential equation consists of multiples of a
function, y(t), and its derivatives, d"y/dt". The multi-
pliers may be scalar constants or functions, g(t), of the
independent variable, t. The forcing function, f(), (i.e.,
the right-hand side of the equation) may be 0, a constant,
or any function of the independent variable, t. The multi-
pliers cannot be higher powers of the function, y(?).

The answer is (D).

Eng/Abdullah Ibrahim .abdullah.i.2000

gquations

+ Homogeneous First Order Linear Differential Equations

dy
Y +ay=0 F Rt s
y=Ce ™ f(t) = cet
Example

Which of the following is the general solution to the
differential equation and boundary conditions?

dy
0t 5y=0
y(0)=3
() —fe
(B) 3e%
(C) 5e73
(D) ée-al
Solution

This is a first-order, linear differential equation. The
characteristic equation is r — 5 = 0. The root, r, is 5.

The solution is in the form of Eq. 8.5.
Y= Ce5l
The initial condition is used to find C.
y(0) = Ce®O) =3
C=3
y= 3
The answer is (B).
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gquations

Differential E

+ Homogeneous Second Order Linear Differential Equations

Y+ ay + by =0

(r*+ar+b)Ce* =0

r2+ar+b=0

Roots of the Characteristic Equation

_—atva*—4b
A 2

ri2
y = Cye"* + Coe™*
y=(Cy + Caz)e"*
y = (0 cos fr + C;sin fz)
a=—a2

==
Eng/Abdullah Ibrahim

Example

What is the general solution to the following homoge-
neous differential equation?

y' =8y + 16y =0

(A) y=Ce¥
(B) y=(C)+ Coz)e"
(C) y=Cie™* + Cye"
(D) y= Cle” + C'ze":r
If > > 4b, the solution is of the form (overdamped)
y=Gerr G Solution

If ® = 4b, the solution is of the form (critically damped)

y=(Ci+ Cx)e
If o’ < 4b, the solution is of the form (underdamped)

Find the roots of the characteristic equation.

y=¢€""(C, cos Bx + C, sin PBx), where r—8r+16=0 From Eq. 8.9,
a=—al2 = AR
B_ 4b_a2 ar=-8 7'1.2=T'=a—i—2“—4b
2 = 16 2
_=(-8) £2,/(-8)" - (4)(16)
- 2
=44

Because a® = 4b, the characteristic equation has double
roots, and the solution takes the form

y=(C, + Caz)e™
= (C) + Cyz)e**

The answer is (B).
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Differential Equations

% First-Order Linear Nonhomogeneous Differential Equations with Constant Example
Coefficients A spring-mass-dashpot system starting from a motion-
less state is acted upon by a step function. The response
is described by the differential equation in which time, ¢,

A1<0 is given in seconds measured from the application of the
T%+y=Kx(r) x(r)=|B I)’U] ramp function.
= d
y(0)= K4 2y =2u(0) [10)=0)
T = time constant
K = gain How long will it take for the system to reach 63% of its
final value?
(A) 0.25s
The solution is (B) 0.50 s
y(t) = KA + (KB — M)[l — exp(_Tr))ur (%) 10e
(D) 2.0s
L_n KB — KA
T KB —y Solution

To fit this problem into the format used by Eq. 8.16, the
coefficient of y must be 1. Dividing by 2,

0.52¥ + y= tu(0)
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Analytic Geometry
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Analytic Geometr

< Mensuration of Areas and Volumes Parabola Circular Segment
. b‘ &
—_— b h
Nomenclature g
A = total surface arca " \_/ Z !
r

P = permmeter A=2bA

V= volume
e .t N
cow of The oven - 4’1 A'[r (#'smﬂlﬂ

cx . ‘\‘f_ e -¢°\V‘:’" = Xz b=sir= Z{amcm[{r-d}frl}
ol Pav abole V4 SWem by - h Source: Gileek, K and R. Ghock, Engincoring Fornlas, eh d , Giack Pablishing, 1967.

. v s
ime AW X YePX  X-Gxd
B Two L A= bhi3 Circular Sector

- * = 1, X -9 ¢ w Hie @ Ellipse |_‘r,.—-:. -—_‘l

YA e <
K Y] v

? S
* S
X |IJ'LH
NI - oy
x - = fr'f2 = =2
N=(yax = )X ® o2 b
2 2 Source: Gicek, K-, and R. Gicck, Enplueoning Formubas, th od., Giock Publishing, 1967,
S N (VRN i 3 A = nab
3 - L e h
( 6 . 2 \ 2 Pﬂ!‘ﬂl-ax=2ﬂ {a2+b2}l|l2 sphere

(
3 ; 2 i a4
102822+ (12 % 114F A
= P=nla+b)+(1/2 x 1/4 x 36 F a5 +(1/2 % 1/4 x 3/6 % 5/8 ¥ A"

#1214 % 3/6 X S8 X T0FA0+
where il sy
r=la—b)la+h)
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Analytic Geometr

+* Mensuration of Areas and Volumes

Nomenclature

A =total surface area
P = perimeter
V= volume

Eng/Abdullah Ibrahim

Parallelogram

L
1
I
p=2a+h) )
dy=fa®+ 5~ 2ab(cos$)
dy = Ja’+ b7+ 2ab(cosd)

di+dd=20a?+57)
A= ah = ablsind)

If a = b, the parallelogram is a rhombus.
Regular Polygon (n equal sides)

b = 2ain
H=[?|:ﬂnn— 1}|= ::{1 _ %}
P=ns

5 = 2r|tan($2)]
A= lnsr)f2

Source: Gileck, K_, and R. Gieck, Englneoring Formulas, sth od, Gieck Pablihing, 1967,

Prismoid

V= (W6) (4 + Ay + 44d)

eng.abdullah.i.2000

mail.com

Right Circular Cone

Tac
L
P

v=lainla
A = side area + base area =1tr|:,r +4F? +.h::|'
Apydy=xtnt

Source: Gieck, K-, and R. Gleck, Enplasering Formulos, sih ed., Gleck Peblish
Right Circular Cylinder

V= nrih = Edh
= =~z

A = side area + end areas = 2ok + r)

Source: Gieck, K-, and R. Gieck, Esplaasring Formulac, zh od., Glsck Pablih

Paraboloid of Revolution
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Analytic Geometr

Figure 4.14 Conic Sections Produced by Cutting Planes Example

< A conic section is any of several kinds of curves that can | What kind of conic section is described by the following
be produced by passing a plane through a cone as shown equation?

in Fig, 4,14 @
ot [ ==

perpendcular
plane

42° - + 8z + 4y =15

Conic Section Equation (A) irel
- o
The general form of the conic section equation is k=0 circie
A+ B+ O+ Dr+ By +F=0 (B) ellipse
where not both 4 and C are zero.
If B~ 44C <0, an ellipse is defined. (C) parabola
If B*- 44C'> 0, a hyperbola is defined D
If B~ 44C = 0, the conic is a parabola. ! (D) hyperbola
IfA=Cand B=0, a circle is defined.
If4=B=C=0,astraight line is defined. (a) circle l!)o = 80°) (b) emp:eJ:: ? <90 Solution
¥ b 0=
Py dar e =0 ; e g oS
i fhe normal form of fhe canic section equation. if that conic section ks 2 principal axis paralel.to a coordinate axis The general form of a conic section is given by
h=-a:k=-b Eq. 4.38 as
r=-.l'a2+h2‘c

If &+ b*~ ¢ is positive, a circle, center (g, —5). y Az’ + Bzy+ Cy* + Dz + Ey+ F =0
Ifa*+ b*— ¢ equals zero, a point at {—a, ).
BT negive focus s imaginary In this case, A =4, B=(, and C'=—1. Since A+# C, the

conic section is not a circle or line.

«+ Eccentricity of a Cutting Plane
Description Calculate the discriminant.
If 6 is the angle between the vertical axis and the cutting - — (M2 1) T
plane and ¢ is the cone-generating angle, then the B -44C =(0)" - (4)(4)(-1) =16
calin il i tdaii b 8= 0shown This is greater than zero, so the section is a hyperbola.
(c) parabola (6 = &) (d) hyperbolas (0 = 6 < &)
e = cosf/(cos ) 4.37 o=1 e>1 The answer is (D).
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Analytic Geometr

< A conic section is any of several kinds of curves that can B
be produced by passing a plane through a cone as shown A A
B
Conic Section Equation
The general form of the conic section equation is
A+By+ O+ D +Ep+F=0

where not both A and C are zero.
If B*- 44C <0, an ellipse is defined.
If B*- 44C'> 0, a hyperbola is defined
If B*—44C=0, the conic is a parabola.
IfA=Cand B=0, a circle is defined.
I[f4=B=C=0,a straight line is defined.
P4+ e+ by +e=0

15 the normal form of the conic section equation, if that conic section has a principal axis paralle] to a coordinate axis. FIG. 7
h=-ak=-b :
PRSI FIG. 3 FIG. 4 FIG. 5 FIG. 8 RECTANGULAR
Ifa*+ b*- ¢ is positive, a circle, center (-, -b). CIRCLE ELLIPSE PARABOLA HYPERBOLA HYPERBOLA

Ifa*+ b*— ¢ equals zero, a point at {—a, ).
Ifa*+ b~ ¢ is negative, locus is imaginary.
«+ Eccentricity of a Cutting Plane
Description

If 0 is the angle between the vertical axis and the cutting
plane and ¢ is the cone-generating angle, then the
eccentricity, e, of the conic section is given by Eq. 4.37.

e = cosf/(cos ) 4.37
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Analytic Geometr

Case 1. Parabola e = 1: (- f)*=2p(v - hy; Center at (1, k) s the standard form of the equation. Whenh=k=0, ~ Case 2. Ellipse e < 1:
Focus: (p/2, 0); Directrix: x =-p/2

a-n’ -k’ _

' a — Y - P 1 Center at (h, k) is the standard form of the equation. When h=k=0,
/ ! t Eccentricity: € = V1 -(b%a?) = cla
V. b=ayl-e%;
p —— - R —— X
, | (h. k) Focus: (+ ae, 0); Directrix: x =+ ale
X
(h.k) F(h+p/2,k) !
p
Problem 1.4 g) represents an ellipse with a vertical major axis.
Problem 1.4 f) represents a parabola with an opening on the positive y-axis.
(x-2)? | (y-4)? (x-2)2 | (y-9)?
2 3 _ (A) + =1 (B) + =1
(A (x-4)*=2(y-2) (B) (x - 4)* = -2(y - 2) 144 100 100 144
€ y-2)°F=-4(x-4) (D) (y-2)* = 4(x - 4) (x-2)*  (y-4)? (y-4)? (x—2)?
(C) - =1 (D) - =1
144 100 100 144

1.4 f) CORRECT ANSWER - A

Standard forms of parabola equations are given helow. 1.4 g) CORRECT ANSWER - B

(y — k)? = 2p(x — h) Parabola opening on the positive x-axis. Standard forms of ellipse equations are given below.

(¥ = k)* = —2p(x — h) Parabola opening on the negative x-axis. (X;—f)z + 51;—-?—-2- =1 a>bh Ellipse with a horizontal major axis (wide ellipse}.

(x - h)z = 2p(y — k) Parabola opening on the positive y-axis. (,(;:.)z {y;f}z =1 aldb Ellipse with a vertical major axis {tall ellipse).

(x — h)? = —=2p(y — k) Parabola opening on the negative y-axis. (x-2)%  (y—4)?

It can be observed that T = 1 represents a tall ellipse with a vertical major axis.

144
It can be observed that (x — 4)? = 2(y — 2) represents a parabola apening on the positive y-axis.
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Analytic Geometr

Case 4. Circle e = 0:
(x —h)’+ (y — k)= 1"} Center at (h, k) is the standard form of the equation with radius

Case 3. Hyperbola ¢ > 1: (x—n? (- kY’
S R =1
Y a b

(0,b) Center at (h, k) is the standard form of the equation. When 4 =k =0, p= \/ (x- ;.,)2 + ( - k)2 oy

/s

VAL Eccentricity: ¢ =Y 1+ (%/a?) = cla P(x.y)

X
{h. k)

{é b=aye*-1;
\ Focus: (+ ae, 0); Directrix: x =+ ale k---1 S

Problem 1.4 h) represents a hyperbola with upward/downward openings. ! .
(A) @-2)?  0-9° _ 4 (8) @-2)? = _ 4 © h
144 100 100 144
©) x-2? =97 _ (D) =92 _ =2 _ Length of the tangent line from a point on a circle to a point (x",)"):
144 100 100 144

=& —hP+0G — k21

Standard forms of hyperbola equations are given below.

Y

—hye Y
(xa—::) - (ybf) =1 Hyperbola opening on the x-axis (sideways).

Y —_h)2
(Y_ai‘l, - ‘—’%L =1 Hyperbola opening on the y-axis (upwards/downwards).

(y-4)?  (x-2)*
It can be observed that Toom T Tiae = 1 represents a hyperbola that opens upwards/downwards.
0 X
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Analytic Geometr

% STRAIGHT LINES Example Example

A line goes through the point (4, —6) and is perpendic-

Find the slope of the line that passes through points Siaé i the Hiow g ke - 10, WHE Is the eduation of the

The general form of the equation 1s (-3,2) and (5,-2). line?
Ax+By+C=0 (A) -2 (A)y=-—}l=—20
: : B) y=-4&-5
The standard form of the equation 1s (B) -0.5 EC; z= lz‘i s
= C) 0.5 i
vy =mx + b, ( (D) y=14z+5
which is also known as the slope-intercept form (D) 2 :
- ‘ Solution
The pﬂfﬂf—S I{JPE form 1s Solution The slopes of two lines that are perpendicular are
; lated b
¥y _yl — H'I(I _ xl) Use Eq. 4.30. e Y
: : my = —1/my
Given two points: slope, -2 -9
m= (yg = yl)/(zg — %)= 5 3 e The slope of the line ndicular to the line with slope
m=(y,—y)/(x,—x,) - (=3) e perpe p
The angle between lines with slopes m, and m, is The answer is (B). e
o = arctan [(m,— m,)/(1 +m,-m,)] :
- : o — The equation of the line is in the form y = mz + b.
The e Tt o 5 i S inBuk b b b
e distance between two points 1s
: P 6= (~4)(4)+ b
s b=~6— (-}

The equation of the line is

The answer is (B).
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Analytic Geometr

s STRAIGHT LINES

The general form of the equation 1s
Ax+By+C=0

The standard form of the equation is
vy =mx + b,

which is also known as the slope-intercept form

The point-slope form 1s

Y=y =mx—x,)
Given two points: slope,

m=(y,—y)/(x,—x)

The angle between lines with slopes m, and m, 1s
o = arctan [(m,—m)/(1 +m,-m,)]

Two [ines are perpendicular if m, = —1/m,
The distance between two points is

&= \/(yZ‘Y1)2+(Iz‘X1)2

Eng/Abdullah Ibrahim

Example
What is the slope of the line defined by y— z=157

Solution

The standard (or slope-intercept) form of the equation
of a straight line is y= maz-+ b, where m is the slope and
b is the y-intercept. Rearrange the given equation into
standard form.

y—-2=95
y=z+95
The slope, m, is the coefficient of z, which is 1.
The answer is (D).

Example
The angle between the line y = <7z + 12 and the line

y= 3z is most nearly
(A) 22°
(B) 27°
(C) 33°
(D) 37°
Solution

Use Eq. 4.35.

a = arctan|(mg — my)/(1 + ma-my)]
-7-3
L+ (=7)(3)

= 26.57° (27°)

= arctan = arctan(.5

The answer is (B).
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Analytic Geometr

% STRAIGHT LINES Example
What is the distance between point P at (1,-3,5) and

The general form of the equation is point Q at (3,4, -2)?

Ax+By+C=0 o (A) VIO
The standard form of the equation is (B) V4

y=mx+b, (C) 8
which 1s also known as the slope-intercept form. (D) VT4
The point-slope form is
Given two points: slope, The distance between points P and Q is

m:(yz_yly(xz_?l) _ dpq = \/(I'z-11)2*(!/2-1/1)2'*'(22-21)2
The angle between lines with slopes m, and m, 1s .

o = arctan [(m,— m,)/(1 + m,-m,)] = \/<-3 ~1)*+ (4= (-3)) +(-2-5)’
Two lines are perpendicular if m, = —1/m,
The distance between two points is

; The answer is (D).
d= \/(,‘V'Z‘Jh) "'(Iz‘xl)z
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Thank you
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AND compunsn

FE Reference Handbook 10.5

Test - Candidate Name

The rectangular homogencous gate shown below is 3.00 m high x 1.00 m wide and has a friction-less hinge at the
bottom. If the fluid on the left side of the gate has a density of 1.600 kg/m’, the magnitude of the force F (kN)
required to keep the gate closed is most nearly:

FE REFERENCE HANDBOOK

UNITS
D Conversion F| The FE exam and this handbook usc both the metric system of units and the Customar
i of units, both force and mass arc called pounds. Thercfore, one must distinguish the pound-

mmm Michael R: Lindeburg, PE

= Vlichael R. Lindeburg, PE

tem (USCS). In the USCS system
ce (Ibf) from the pound-mass (Ibm).
D safety The pound-force is that forcs which acceierates e pound-mass ot 32,174 fUsec”. Thas, | IbF = 32174 IomeUse”. The expression
) Mathematics 32,174 Ibm-fU(Ibf-sec’) gnated as g_and is used involving both mass and force expressed as pounds. For
0 Engineering instance, in writing r\mnm scond law, the equation would be written as F - may,. where Fis in Ibf,
Similar expressions exist for other quantitics. Kinctic F .. with KE in (R-1bf); Potential Energy, PE = mgh'g_, with
D Chemistry
D“'l ials Sci PE in (R-1bi); Fluid Pressure, p = pgh/g.. with p in (IbD1F); Specific Weight, S = pgig,, in (IbI7'); Shear Stress, © = (/g Ny,
aterials o with shear stress in (D). In all these examples. g, should be regarded as & unit conversion factor. It is frequently not written
explicitly in engincering equations. However, its use is required to produce a consistent set of units.

in Ibm, and a is in Msec.

D) statics

D Dynamics Note that the conversion factor g_[Ibm-fU(Ibf-sec’)] should not be confused with the local sceeleration of gravity g, which has
D Mechanics of different units (m's® or fsec?) and may be cither its standard value (9.807 m/s® or 32.174 fiisec?) or some other local value.

(3 Thermodyna
D Fluid Mechar,

Study Guide for Fundamentals
of Engineering (FE) Electrical

If the problem is presented in USCS units, it may be necessary to use the constant g, in the equation to have a consistent set of units.

& Computer CBT Es D Heat Transfe Mm'ﬁ:::"xm — COMMONLY USED EQUIVALENTS
D Engineering atto a
~ Chemical En femto I 1 gallon of water weighs 8331
]g( l 1tion g Civil EngmeeI .’:,:. : 1 cubic rm: u""\q:mv m«igmu @4 ‘h:r OA. o0
1 cubic inch of mercury weighs 0.491 1
D rnvlr{)nm.em micro " The mass of | cubic meter of wateris 1,000 Kilogrms| OB. 22
I B::'J]ﬁ;:‘aalld; milli m | moLis 834 IbiMgal
Nas ARSIy centi o ’
Wasim Asghar | D Mechanical £ e a oc. 2
PE, P.Eng, M. Eng ::': ‘:’ TEMPERATURE CONVERSIONS op. 22
kilo k
mega A F=18(C)+32
. sed G C=(F-3218
electrical : ton ' iahisho
pets P K ='C+273.18
| o E
and computer ‘ =

IDEAL GAS CONSTANTS

practice exam

The universal gas constant, designated as R in the table below, relates pressure, volume, tem and number of moles of
an ideal gas. When that universal constant, &, is divided by the molecular weight of the gas, the result, often designated as R,
has units of enenzy per dogree per unit mass [kJ/(kg-K) or ft-Ibfl(1bm-*R)] and bcomes chamcteristic of the particular gas. Some
0 oe 10123 | disciplines, notably ehemical enginecring, often use the symbol K to refer to the universal gas constant B

835824.001
(T I|II I ==

Sim AT Cr WPTOIS 4 MW
108 [od] Becy 200

ora PeRTECT
o oot

Fran

FUNDAMENTAL CONSTANTS

gas constant metric
gas constant metric
gas constant uscs S i Ibl‘(lb molc- R)

< e
078-1-047801.00-4 00
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Practice problems (Mathematics

Mathematics 11-17
A. Algebra and trigonometry

Complex numbers

Discrete mathematics

Analytic geometry

Calculus (e.g., differential, integral, single-variable, multivariable)

Ordinary differential equations

Linear algebra

Vector analysis

B.
C.
D.
E.
F.
G.
H.

Eng/Abdullah Ibrahim
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1.

0000

Practice problems (Mathematics

In the following triangle, the length (cm) of Side AB is most nearly:

B
110°
45°
A 10 cm c

A. 4.5
B. 7.1
C. 7.5
D. 192

Refer to the Law of Sines equation in the Mathematics chapter of the FE Reference Handbook.
6=180-110-45=25°

Law of Sines: {10°

10 AB o
= S =— S A 45 e C
sin110° sin25 10 cm

AB=4497 cm

THE CORRECT ANSWER IS: A

Figure 5.7 General Triangle

a b ¢

Eng/Abdullah Ibrahim

snA _ snB snC

Law of Cosines
a*=b*+ ¢* - 2bc cos A
b>=a’+ ¢~ 2ac cos B
cc=a*+b>—2abcos C
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Practice problems

Problem 1.1 a) Solve the following logarithmic equation for x:

logz(12x — 12) — logsz(x) = 2
(A) 2 (B) 4
(C)3 (D)0
1.1 a) CORRECT ANSWER - B
logz(12x — 12) —logs(x) = 2
According to the logarithmic identities given in NCEES® FE Reference Handbook:

x (12x — 12)
logx —logy = log}- - logz(12x — 12) —logz(x) = log3—(x)—

The given logarithmic function can be rearranged as follows:

o (22 —12)
g3 (X}
(12x—12)

32 512x-12=9%->3x=12->x=4
(x)

Eng/Abdullah Ibrahim

Mathematics

logy(z) = ¢ [b°=1]

Inz [base = ¢]

logz [base=10]

Inverse Property

b'°8v* = x and log, b* = x

4logs6 — g
log, 4% = 6

log, b™ = n
log z¢ = clog z
z¢ = antilog(clog z)
log 2y = log z + log v
log, b=1
logl =0
log z/y = log z — log y

log, z = (log, )/ (log, b)

WhatsApp/Abdullah Ibrahim


https://wa.me/qr/5V6O4QNFF5LPD1
mailto:eng.abdullah.i.2000@gmail.com

Practice problems (Mathematics

Problem 1.1 b) logarithm(s) do not exist and cannot be calculated.
(A) log(0.001) (B) log(0)
(C) log(—10) (D) log(10)

1.1 b) CORRECT ANSWERS - B, C

Logarithm can only be|calculated for positive real numbers.

Logarithms of 0 and negative real numbers are undefined.
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Practice problems

Problem 1.1 c) Solve the following logarithmic equation for x:

log;(x +1) +log;(x—1) =1
(A)O (B) 2

(C) -2 (D) 12

1.1 c) CORRECT ANSWER -B
logs(x +1) +logz(x—1) =1

According to the logarithmic identities given in NCEES® FE Reference Handbook:

logx +logy = logxy = log, (x + 1) + log,(x — 1) = log,[(x + 1)(x — 1)] = log,(x* — 1)
The given logarithmic function can be rearranged as follows:

logs(x*—1)=1

Taking anti-log on both sides of the equation results in following:

x2-1=3'=3

x=4->x=2,-2

It is important to validate these results by substitution to see if values of x are acceptable solutions.
logz(2+ 1) +1log3(2—=1) — 1+ 0 — 1 Therefore, x = 2 is a valid sulutivn.

logs(—2 + 1) +log;(—2 — 1) = logs(—1) + log3(—3) x = 2is aninvalid solution because logarithm of
negative real number is undefined.

Eng/Abdullah Ibrahim

Mathematics

logy(z) = ¢ [b°=1]

Inz [base = ¢]

logz [base=10]

Inverse Property

b'°8v* = x and log, b* = x

4logs6 — g
log, 4% = 6

lOgb HE=n
log z¢ = clog z

z¢ = antilog(clog z)

log 2y = log z + log v

logb =T
logl =0
log z/y = log z — log

Yy

log, z = (log, )/ (log, b)
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Practice problems (Mathematics

where i =+/~1 is most nearly:

1+i)*
o A 1+i
O B. 0
o C. “1+i
O D. -1

2. Refer to the Algebra of Complex Numbers section in the Mathematics chapter of the FE
Reference Handbook.

(-0 _1-2i+ _1-1-2
(U+i) 1+2i+% 1-1+2i

THE CORRECT ANSWERIS: D
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Practice problems (Mathematics

Problem 1.2 e) 3 + 4/ can be expressed as

(A) 5(cos 53° + j sin 53°)

(C) 5/53°

1.2 e) CORRECT ANSWER - D

(B) 5e/53

(D) All of the above

This problem falls under the category of ‘Algebra of Complex Numbers’.

5(cos 53° + j sin 53°) is rectangular form of 3 + 4;.

5e/53 is Euler’s form of 3 + 4.

5/53° is polar form of 3 + 4.

Therefore, all options are accurate representations of 3 + 4.

z=Xx+]Jy Rectangular form
z=r/¢ Polar form
z=re? Exponential form
r=1\x"+y, qﬁv:tan_l%
X = r COS @, y=rsing

WhatsApp/Abdullah Ibrahim

Eng/Abdullah Ibrahim


https://wa.me/qr/5V6O4QNFF5LPD1
mailto:eng.abdullah.i.2000@gmail.com

Practice problems (Mathematics

Three lines are defined by the three equations:

x+y=0
x-y=0
2x+y=1

The three lines form a triangle with vertices at:

1

o A (0,0),[ —),(l,—-l)

1
3’3
2 2
O B. 0,0),| =,=,(-1,-1
( )(3 3]( )

o C (1, 1),(1,-1),(2, 1)
O D. (1,1),(3,-3), (=2,-1)

Refer to the Straight Line section in the Mathematics chapter of the FE Reference Handbook.

y

2 +
N g
\+ /

y==x .
y=x
y=-2x+1 -

From graph one, the intersection is at (0, 0), so Options C and D are incorrect.

. 11
Also, the second intersection is at (1, -1, so the vertices are at (0, 0), (5 3-) ,(1,-1).

THE CORRECT ANSWER IS: A

Eng/Abdullah Ibrahim

.abdullah.i.2000

The general form of the equation is

Ax+By+C=0
The standard form of the equation is
y=mx +b,

which 1s also known as the slope-intercept form.
The point-slope form is
Y=y =mx—-x,)
Given two points: slope,
m=(y,—y)/(x,—x,)
The angle between lines with slopes m, and m, 1s
o = arctan [(m,—m)/(1 +m,-m )]
Two lines are perpendicular if m, = -1/m,
The distance between two points is

d=y(r2=n)+ (= ]
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Practice problems

3. The only point of inflection on the curve representing the equation y = x* + x2 - 3 is at:
O A. x= .
3
O B. X = —-I-
3
o C x=0
]
O D. X ==
3
. § Refer to the Test for a Point of Inflection section in the Mathematics chapter of the FE Reference

Handbook.
fR)=x*+x*-3
fl(x)=32+2x
f(x)=6x+2
6x+2=0
x=-1/3

f "(x) negative below x =-1/3
f "(x) positive above x = -1/3

Since f “(x) =0 and f "(x) changes sign at x = —1/3, the inflection point is at x = -1/3.

THE CORRECT ANSWERIS: B

Eng/Abdullah Ibrahim

Mathematics

Test for a Minimum

f(a)=0
["(a)>0

Test for a Maximum
fla)=0
f(a) <0

Test for a Point of Inflection

f'(a)=0

Figure 7.1 Critical Points

global maximum
at endpoint of interval

local maximum

inflection
point

local
minimum

_ global
minimum
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Practice problems (Mathematics

6. Given the function f(x, y) = x* + xy + )#, solve for Qf:
oy
O A 2x+x+y+2y
O B. 2x+y
o C. 2y
O D. x+ 2y
6. Refer to the Partial Derivative section in the Mathematics chapter of the FE Reference

Handbook,

o o), 8w), 37
¥ ¥ vy oy
=0+x+2y

=x+2y

THE CORRECT ANSWER IS: D

Eng/Abdullah Ibrahim

z= f(z,y)

0z _ 0f(z,y)

or oz
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7.

Practice problems (Mathematics

The following equation describes a second-order system:

The system may be described as:

O A nonlinear

O B. overdamped

o C critically damped
O D. underdamped

d?.
E%+6%+25y=x(r)

The characteristic equation is D? + 6D + 25 =0

Referring to the Second-Order Linear Homogeneous Differential Equations with Constant
Coefficients section in the Mathematics chapter of the FE Reference Handbook:

a =6

a =36
b =25
4h =100

Since a? =36 is less than 45 = 100, the system is underdamped.
THE CORRECT ANSWER IS: D

Eng/Abdullah Ibrahim

Y +ay=0
y= Ce™™
o —-atva®—4b
: 2

y = e™(C) cos fr + Cysin fz)

a=—af2

Y +ay +by=0

(P24 ar+ b)Ce® =0

P +ar+b=0

If a* > 4b, the solution is of the form (overdamped)
y=Ceg"+ e

If a* = 4b, the solution is of the form (critically damped)
y=(Crt Cx)e™

If a* < 4b, the solution is of the form (underdamped)
y=e"(C,cos Px + C, sin fx), where

o=—al2
Vab—-a*
p=""3
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Practice problems

Problem 1.6 a) Solve the following 15 order linear differential equation with given initial values.

2y'+4y=0 y(0)=6
(A)y =3e™* (B)y = 6e~%

(C)y =3e™* (D) y = 6e%

1.6 a) CORRECT ANSWER - D

This problem falls under the category of ‘Differential Equations’.

2y'+4y=0 y(0)=6

Standard form of 1** order differential equation with constant coefficient is given below;
y'+ay=0

Solution of standard equationisy = Ce™%,

Divide given equation by 2 to convert it into standard form(y’ + 2y = 0

In our casq, a = 2.[Therefore, general solution is y = Ce ™2,

We can calculate coefficient using initial conditions as shown below:
y(O) =6 6= Ce(“z)(ﬂ) = =06

Therefore, v = 6e %t

Eng/Abdullah Ibrahim

Mathematics

If a*>> 4b, the solution is of the form (overdamped)
y=C "+ (e

If a*>= 4b, the solution is of the form (critically damped)
y=(Cpt Cx)e*

If a*> < 4b, the solution is of the form (underdamped)
¥y =e"(C,cos Px + C, sin Px). where

Yoy =0 a=—al2
y=_0e% =@
—a+Va? —4b ' +ay +by=0
il e (r* +ar+ b)Ce” =0
y = Cye"* + Cae™* P+ ar+b=0

y=(Cy + Caz)e"*

y = e™(C) cos fr + Cysin fz)

a=—af2
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8.

Practice problems (Mathematics

The general solution to y" + 4y' + 4y =0 1s:
O A Ce™
O B. Ce*
O C e™C,+Cx)
o D. e >X(C,+ Cyx)

Refer to the Differential Equations section in the Mathematics chapter of the FE Reference
Handbook. The characteristic equation for a second-order linear homogeneous differential
equation is:

P+rar+b=0

In this problem,a=4 and b = 4

P+d4r+4=0
In solving the characteristic equation, it is noted that there are repeated real roots: r) =r, = -2
Because a* = 4b, the solution for this critically damped system is:

Hx)y=(C,+Cx)e™

THE CORRECT ANSWERIS: D

Eng/Abdullah Ibrahim

If a*>> 4b, the solution is of the form (overdamped)
y=C "+ (e
If a*>= 4b, the solution is of the form (critically damped)
y=(Ct Cx)e*
If a*> < 4b, the solution is of the form (underdamped)
¥y =e"(C,cos Px + C, sin Px). where

Yoy =0 a=-al2
y=_0e% 5:@
—a+Va? —4b ' +ay +by=0
il e (r* +ar+ b)Ce” =0
y = Cye"* + Cae™* P+ ar+b=0

y=(Cy + Caz)e"*
y = e™(C) cos fr + Cysin fz)

a=—af2
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Practice problems (Mathematics

Problem 1.6 e) Solve the following 2™ order linear differential equation with initial conditions.

If a*>> 4b, the solution is of the form (overdamped)

y'+2y'=8y=0 y(0)=6 y(0)=0 y=Cd™+ Cye™
If a*>= 4b, the solution is of the form (critically damped)
1.6d) CORRECT ANSWER - y = 4e%* + 2~ .
y= (C1+ sz)e'l
This problem falls under the category of ‘Differential Equations’. If a*> < 4b, the solution is of the form (underdamped)
(4 ¥y =e"(C,cos Px + C, sin Px). where
}"”'{‘2}7'"8)":0 y(ﬂ):(, yf(0)={} y'+ ay—'o a=—al?
2
We can use method of undetermined coefficients, as explained in NCEES® FE Reference Hand y= Ce"at = %
The solution will be of form y = Ce™ with characteristic equation: 7% + 2r —8 =0 7 T
+ay + 0y =
L vVa? —
Comparing this equation with standard form r? + ar + b = 0 shows thata = 2,b = —8. ryg = atva 4b . |
! (r*+ar+b)Ce” =0
Solvingr? + 2r —8 = Oresultsinry = 2,1, = —4
4= Clerlz-{-czer?z +ar+b=0

Since a? = 4 > 4b = —32, solution is overdamped and can be represented as shown below:
y = Cie™* + C,e™* ¥y = Cire™* + Cyrye™®
y=(Cy + Caz)e"*

We can calculate coefficients using initial conditions as shown below:

y(0) =6-  6=Ce@PO1CeVO=(+0-0=6-C y = e*(C) cos fr + Cy sin Bz)
y(0) =0  0=0,2e@O® 4 (,(—4)ePO =2¢, —4C, =0
20, —4C, =0-2(6 — C;) —4C, =0 a=—af2
12-2C,—4C, =0

Solving these equations results in C; = 4 and C, = 2. Therefore, y = 4e%* 4 2¢~** B= 5
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Practice problems (Mathematics

9. The magnitude of the resultant of the three coplanar vectors A, B, and C, is most nearly:
9 G Loqu) 2,11

@%\U\“S) 77)1 90 -

c : 2||1

cocoo0
Dowp
o
=2

Ko =201~ € S3mas -] 83
9, Refer to the Resolution of a Force section in the Statics chapter of the FE Reference Handbook. / Rj _ ?l ‘? —\' S C 5 S (_J C_.)) - é /Q,S

R,=Y F, R, =Y Fy,, =123 —
Re-212+ e 1050 =212~ 12908

=212+ 5sin105°=2.12 +4.83 =6.95
R= JR,+R;1 = J0.832 +6,95> =699 C

THE CORRECT ANSWERIS: A
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10.

Practice problems (Mathematics

Problem 1.7 i) The dot product of vectors Aand B is

Which of the following is a unit vector perpendicular to the plane determined by the
vectors A=2i+4jand B=i+j-k?

O A 2i+j-K
1

O B. —(i+2j
JE( i)

o C 7]6’(‘2” i-k)

1
D‘ _t_n_
o A

10.

THE CORRECT ANSWER IS: C

Refer to the Vectors section in the Mathematics chapter of the FE Reference Handbook.
The cross product of Vectors A and B is a vector perpendicular to A and B.

k

0]=i(-4)- [(-2-0)+k(2-4)=—4i+2j- 2k

— )
— Pa e

To obtain a unit vector, divide by the magnitude.

Magnitude = (- 4) +22 +(~2)? =24 = 246

—4i+2j-2k _-2i+j-k

W6 6

Eng/Abdullah Ibrahim .abdullah.i.2000

1.7 i) CORRECT ANSWER: 16 A=2i+j+3k
A=2i+j+3k B=i+2i+4k B=i+2j+4k
A.B = (2i+j+3k).(i+2j + 4k)

AB=21+12+34=16

—

Problem 1.7 j) The cross product of vectors A and Bis

A=3i+2j+k
B=i+4j+0k
1.7 j) CORRECT ANSWER: —4i + j + 10k
A=3i+2j+k B=i+4j+0k
- i j k
AXB=@Bi+2j+k)x(i+4j+0k)=13 2 1
1 4 0

ﬁxf‘f:(zxﬂ—lx*})i—@xﬂ—lxl)j+(3x4—2x1)k

AXB = —4i+j+ 10k
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Practice problems (Mathematics

11 Consider the following 2 x 2 matrix 4: Problem 1.7 c) Calculate the product A X B of matrices 4 and B given below.
2 1
A=[4 2| B=
= [i }{3] 6 3] [2 1
41 2 2
(A)|8 2] (B) [4 4]
The value of X for which A has no inverse is most nearly: 12 3 6 6
O A. -6 (C) g g (D) A and B cannot be multiplied
2 E‘ :gﬁ 1.7 ¢) CORRECT ANSWER - A
O D. 6 _ ' o
This problem falls under the category of ‘Matrices’.

. e , According to the problem statement:
1. Refer to the Matrices section in the Mathematics chapter of the FE Reference Handbook.

o84 azli o] B=]t 9
4 6 3

2X14+1x%x2 2x041x%x1
4xXx14+2x2 4x0+2x1
6xXx14+3x%x2 6X04+3x1

A has no inverse when | 4]=0.
AXB=

4 1
=18 2
12 3

|4=(2)(K)-(-3)(4)=0;K - -6

THE CORRECT ANSWER IS: A
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Practice problems (Mathematics

Problem 1.5 k) Evaluate the following indefinite integral: Problem 1.5 I) Evaluate the following indefinite integral:
f 4 dx f(sin2 x + cos?® x)dx
x+ 3
(A)1+C (B)x/2 —sin2x /4 +C

1 1
A) —tan ! xJ: +C B)2In|2x + 6|+ C
( )\/Z ( 3) (B) | | (C)x+C (D)x/2 +sin2x /4 +C
C)4x+3+C (D) 41n|x + 3|+ C
1.5 k) CORRECT ANSWER - D
This problem falls under the category of ‘Integral Calculus’. 1.5 1) CORRECT ANSWER - C
f " i 3 dx = 4 f X 1 e This problem falls under the category of ‘Integral Calculus’.
According to the indefinite integrals given in NCEES® FE Reference Handbook: f(sinz X+ coszx) dx

1 1
dx = —1 bl +C
f ax+p T lax +b] + According to the trigonometric identity given in NCEES® FE Reference Handbook:

Substituting this formula in given indefinite integral results in: 9 2
sin“x+cos“x =1

1
4ginlx+3[ =4Inlx+3[+C Substituting this formula in given indefinite integral results in: [(sin®x + cos’x)dx = [1dx=x+C

Helpful tip — Review tables of derivatives and indefinite integrals given in NCEES® FE Reference Handbook.
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Thank you
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Discrete Mathematics
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+* Union

Let A and B be sets. The union of the sets A and B
, denoted by A U B, is the set that contains those
elements that are eitherin Aorin B, orin both.

The union of the sets {1, 3,5} and {1, 2, 3}
istheset{1,2,3,5}

Discrete Mathematics

% Sets.
A set is an unordered collection of
objects. The objects in a set are
called the elements, or members,
of the set. A set is said to contain its
elements.

+* Intersection

Let A and B be sets. The intersection of the sets A
and B, denoted by A n B, is the set that contains
those elements that are in both A and B.

The intersection of the sets {1, 3,5} and {1, 2, 3}
is the set {1, 3}

+ Difference

Let A and B be sets. The difference of Aand B,
denoted by A — B, is the set containing those
elements that are in A but notin B.

A ={1,3,5}, B ={1,2,3}
A—B = {5}

Eng/Abdullah Ibrahim

+»+ Disjoint

Two sets are called disjoint if their
intersection is the empty set.

AnB=0
+«» Cardinality

The cardinality is the number of
distinct elements in S. The
cardinality of Sis denoted by |S] .

S=1{ab,cd{2}}

S| =5
A=1{1,23123},9}
Al =5

@y={{3

o} =1

+» Empty Set

There is a special set that has no
elements. This set is called the
empty set, or null set, and is
denoted by @. The empty set can
also be denoted by { }

eng.abdullah.i.2000@gmail.com

TABLE Set Identities.

S={a, b, c,d} We write a €S to denote thata

is an element of the set S. The notatione €S Jdentity HNams
denotes that e is not an element of the set S. ANU=A Identity laws
+» Subset Auf=A
The set A is said to be a subset of B if and AuU=U Domination laws
only if every element of A is also an And=4
element of B . We use the notation A € B to p— p —
. . . = empoltent laws
indicate that Ais a subset of the setB. Akl P
Problem 1.3 b) is asubset of set {a, b, ¢, d, e}. —
A)=A Complementation law
(A 0oy, 2} (B){a b,c, d, e} AUB=BUA Commutative laws
ANB=BNA
(C)fa,f,h,e} (D) None of the above n i

1.3 b) CORRECT ANSWER - B

TABLE Set Identities.

This problem falls under the category of ‘Discrete Math - Set Theory'.

‘Set A" is defined as a subset of ‘Set B' if every element in ‘Set A" is also present in ‘Set B,

AuBUC)=AUBUC
ANBNC)=ANBNC

Associative laws

Equal sets are also subsets. According to the definition {a, b, ¢, d, e} qualifies as a subset of {a, b, ¢, d, e].

+» Proper Subset

AUBNC)=(AUB)N(AUO)
ANBUC)=(ANBUMANCOC)

Distributive laws

The set Ais a subset of the set B butthat A#B,

ANB=AUB De Morgan’s laws
we write A € B and say that A is a proper subset AUB=ANB
of B. .
Problem 1.3 a) is a proper subset of set {2, 4, 6,8, 10, 12}, AUAam=4 Aoeoption T
AN(AuB)=A
(A){2,3,4,5} (B){2,4,6,8, 10,12, 14} AUA=U Complement laws
ANA=0
(C){2,4,6) (0){2,4,6,8,10,12}
1.3 a) CORRECT ANSWER - € .
This problem falls under the category of ‘Discrete Math — Set Theory’. 0 rder nOt lmportant

‘Set A’ is defined as the proper subset of ‘Set B’ if every element in ‘Set A" is also present in ‘Set B', and there
exists at least one element in ‘Set B’ which is not present in ‘Set A",

According to above given definition only {2, 4, 6} qualifies as a proper subset of {2, 4, 6, 8, 10, 12}.

S ={ab,c,d} = {b,c,a,d}
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Discrete Mathematics

+ GRAPHS OF A RELATION

A relation between sets can be illustrated by a directed graph (digraph) that connects the
set members by arrows, as in Fig. 13.2.

+ An injective function results in a unique result for each input. For
Finite sets X and Y with discrete elements, injective mapping means
that each member of X has a unique, corresponding member of Y.
Correspondingly, there is an inverse injective function that maps those

Figure 13.2 Directed Graph
corresponding members of Y onto unique members of x.

one to one

000 0>
06 000

+«» Definition: A graph G = (V, E) consists of V, a nonempty set of vertices (or nodes)

and E, a set of edges.
++» Each edge has either one or two vertices associated with it, called its endpoints.

++ An edge is said to connect its endpoints.
Problem 1.3 e) Which one of the following relation(s) is not an example of a function?

(A){(1,b),(1,¢).(1,d) } (B){(1,a),(2,a),(3,a) }

vertex edge Detroit
(C) {(1,a).(2,b).(3,¢) } (D) None of the above

New York

San Francisco Chicago

1.3 e) CORRECT ANSWER - A

Washington

This problem falls under the category of ‘Discrete Math — Function Characteristics’.

Function is defined as a set of relations between inputs (domain — x) and outputs (range — y) such that each

input is related to only one output.

Los Angeles - A Computer Network

According to the definition, {(1, a), (1, b), (1, ¢)} is not a function because input 1 is related to multiple outputs.
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Discrete Mathematics

+* SURJECTIVE (ONTO) FUNCTION
3. Consider two sets, A and B, where Set A has four elements and Set B has five elements. A

For finite sets X and Y with discrete elements, a function is function f(x) that maps Set A to Set B, where each element of A is mapped to a unique element
surjective if every member of Y can be derived from at of B. is:
least one member of X. A surjective mapping (function)
does not omit any members of Y. Select all that apply:
r 4 r 4 O A injective
h 2 h g 8 ot
: o s - 5 1 OB surjective
bijective
A B A B Sie ) _ _
"Onto” NOT "Onto” 0O D the inverse of the function mapping B to A
(all clesnents @ B aer meed) (e § 2nd | = St B e oot mead) .
O E an invalid general function

¢ A bijective function is both injective and surjective. Each
member of X corresponds to a unique member of Y; and, each

ombor of Y corroaponds to o unious member of %. A one to. 3. Theti defl_nigl(;n:dzf injective, surjective, and bijective functions are given in the Discrete Math
one relationship exists in both the X-to- Yand Y-to-X mapping sectionin ——— Chapter il Rejérence Ll
directions. . . . .
_S]pce_no e]cm;nt of_B is a function of more than a single element of A, there is a one-to-one (1e.,
Injective) relationship from A to B. f(x) cannot be surjective since at least one element of B does
" A A A A IS“')t maﬂ1: frm:n any element of A. Since it cannot be surjective, it is, by definition, not bijective.
& . o o s ° o ° o ince there is a one-to-one mapping from A to B, the inverse of f(x), or f~'(x), maps B to A. The
.\ﬁ.: e o —u —<xo — e function is a valid general function since no element of A maps to more than one element of B
.\~ o 70 9 ———»0 070 o »° .
*  —Tee  e—e T <o THE CORRECT ANSWERS ARE: A, D
NOT a General Injective Surjective Bijective

Function Function (not surjective) (not injective) (injective, surjective)
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Discrete Mathematics

Problem 1.3 f) {(a,1),(b,1),(c,2),(d,2)} is an example of function.
(A) Injective (B) Surjective
(C) Bijective (D) It’s not a function

1.3 f) CORRECT ANSWER - B
This problem falls under the category of ‘Discrete Math — Function Characteristics’.
{(a, 1), (b, 1), (c, 2), (d, 2)} is a surjective function because each output is linked to at least one input.

Helpful tip — Understand the difference between injective, surjective and bijective functions.
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Discrete Mathematics

Problem 1.3 1) correctly represents the set of vertices for following directed graph?

Problem 1.3 m) correctly represents the set of edges for above given directed graph?

(A){A, 8, C, D} (B) {A, B, C, D, E} (A) {(AC),(A,B), (B,0),(D,8),(D,C),(C.EN(E,E)}

(C{A B,C D, E B} AD} Hone of the above (B) {(A,C),(B,A),(C,8B),(D,B),(D,C),(C,E), (E,E)}

E (C) {(A,C),(A,B),(B,C),(B,D),(C,D),(C,E),(E,E)}
\ (D) {(A’C)ﬁ(A!B)?(B.‘C)I(DIB}J(CP D)J{EPC)I(E'E)}

1.3 m) CORRECT ANSWER - A
T The given directed graph contains following edges/arcs:
A-C(ACQC)

< A= B (4 B)

B - C (B,C)
1.31) CORRECT ANSWER - B D - B (D,B)
It can be observed that given directed graph has 5 nodes/vertices in the form of A, B, C, D and E. D-C(D,C)
€ E(CE)
E - E (EE)

Eng/Abdullah Ibrahim
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Thank you
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